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It was proved ([5], [6)) that if G is an n-vertex-connected graph then for any vertex sequence
vy, ..., 2, € V(G) and for any sequence of positive integers &, ..., k,, such that k,+ ... +k,= |V (G)I,

there exists an n-partition of ¥(G) such that this partition separates the vertices v,, ..., v,, and the
class of the partition containing v; induces a connected subgraph consisting of k; vertices, for
i=1,2,...,n. Now fix the integers k,, ..., k.. In this paper we study what can we say about the

vertex-connectivity of G if there exists such a partition of V(G) for any sequence of vertices
U1, ..., Vo€ V(G). We find some interesting cases when the existence of such partitions implies the
n-vertex-connectivity of G, in the other cases we give sharp lower bounds for the vertex-connect-
ivity of G.

1. Introduction

L. Lovasz [6] and the present author [5] proved that if G is an n-vertex-
connected graph then for every n vertices there exists an n-partition of the vertex-set
of G such that this partition separates these n vertices, the classes of the partition
contain given numbers of vertices and induce connected subgraphs of G.

By the definition of n-vertex-connectivity, if all but one of the classes are
singletons, then the above-mentioned partition condition is both necessary and suffi-
cient for G to be n-vertex-connected.

In this paper, we find some interesting cases when such conditions are suffi-
cient for G to be n-vertex-connected. If these partition conditions are insufficient
then we give sharp lower bounds for the vertex-connectivity of G and we find addi-
tional conditions which, together with the partition condition, will be sufficient for
G to be n-vertex-connected.

2. Preliminaries

Throughout this paper, graph means finite undirected graph without loops
and multiple edges. In general, we follow the terminology of Ore [11]. For complete-
ness, we recall some definitions. ¥(G) and E(G) denotes the vertex-set and the edge-
set of the graph G, further v(G)=|V(G)| and ¢(G)=|E(G)|. For XS V(G), the induced
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subgraph G(X) has vertex-set X and e€ E(G(X)) if and only if e€ E(G) and its end-
points belong to X. A path is a sequence of distinct edges such that each pair of
consecutive edges share a common vertex and no vertex appears more than once.
For disjoint X, YS V(G), a path is an XY-path if one endpoint of it belongs to X
the other to Y and no further vertex of the path belongs to XU Y.

An n-family of XY-paths is said to be openly disjoint if the paths are pairwise
disjoint with respect to the vertices and the edges, except only for the common end-
points of the paths. For a graph G let v(G)=g+mandletl,l,, ..., [,and ky, ks, .., Ky

q m
be two nonincreasing sequences of positive integers such that 2> /= > k;=n.
i=1 i=1
The graph G is said to have property W, (L. ..., I ky, ..., k,) if for any q+m
distinct vertices a,, @y, ..., a,, by, by, ..., b,€V(G) there exists an openly disjoint
n-family of A4B-paths, where A={«a,, ..., a,}, B={b,, ..., b,} such that g; and b;
are the endpoints of /; and k; of these paths, respectively.

A graph G is n-vertex-connected if v(G)=n+1 and G(¥(G)—C) is connected
for every CS V(G) such that |C|=n—1. The vertex connectivity (number) (G} is
the maximum value of n for which G 1s n-vertex-connected.

Let G be a graph such that v(G)=n+1 and let vy, v,, ..., 1,6 V(G) be distinct
vertices. Let k&, ks, ..., k, be a nondecreasing sequence of positive integers such

that > k;=v(G). The graph G is said to satisfy the partition condition
i=1
‘Pn(v17 172, sty Un; kls k29 vy kn)

if there is a partition {V,, V,, ..., V,} of V(G) such that v,€V;, [V;|=k; and G(V))
is connected for =1, 2, ..., n. The graph G is said to satisfy the partition condition
P,(ky, ks, ..., k,) if G satisfies the partition condition P, (v, Ug, ...y Uy} K1y Koy ooy Ky)
for every choice of vy, va, ..., v,€ V(G). For the nondecreasing sequence k,, ks, ..., k,
of positive integers, let o, denote the number of the indices 1 =i=n such that k;=1.
Then, obviously,

(G v(G)

)
2 o, =n, 2 ju;=0(G).
= =1

For a connected graph G, a subset CS ¥V(G) is called a cutser if the induced sub-
graph G(¥(G)—C) is not connected. A cutset having cardinality »(G) is a minimum
cutset. The set of all minimum cutsets of G is denoted by C(G). Note that C(G)=0
if and only if G is a complete graph. For C£C(G), a component P of G(V(G)—C)
is called a pait of G with respect to C. For C£C(G), {VE, V§} is called a partition of
G with respect to Cif VENVE=@, VEUVE=V(G)—C, and each induced sub-
graph G(VF), (i=1,2), is a union of a set of parts of G with respect to C. Without
loss of generality, we assume that | V'§| = | V§]. (Clearly, C need not determine {V{, ¥}
uniquely.) Further we define

p(G):= min {min {{V(P)|: P is a part of G with respect to C}: CGC(G)}.

Note that p(G) is not defined if and only if G is a complete graph. In the terms of
the above notations, a graph G is n-veriex-connected if and only if G satisfies the
partition condition 2,(1, 1, ..., I, v(G)—n+1). Menger’s theorem reads as follows:
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Theorem 2.1. ([8], [12]) A graph G is n-vertex-connected if and only if G satisfies
W, (n; n).

Dirac [I] proved that an m-vertex-connected graph G satisfies every condition of
type W,.

Theorem 2.2. ([11) Let G be a graph and let q, m, n be positive integers such that
x(GY=n and q+m=v(G). Then G satisfies W, (I, ..., 1;; ky, ..., k) for arbitrary

q m
positive integers [ =l,=... =1; ky=k,= ... =k, such that 2 l;= > k;=n.
i=1 Jj=1
Mesner, Watkins and Green studied the connection between general condi-
tions of type W, and the connectivity number x(G). As an illustration we mention
two theorems.

Theorem 2.3. ([9], [4 ]) Let ky, ks, ..., k,, be a nonincreasing sequence of positive
integers such that Z’k =n. If either U(G) 2n—=2 or ky=k,=...=k,=1 then a
j=1

necessary and sufficient condition that G satisfy W,(n; ky, ..., k) is that G be n-vertex-
connected.

Theorem 2.4. ([4]) Let g=n and m=n be positive integers such that v{(G)=q+m.
A necessary and sufficient condition that G be n-vertex-connected is that G satisfy
W,n—qg+1, 1,1, ..,1; n—m+1, 1,1, .., 1).

Further, Green [4] gave a sharp lower bound of x(G) if G satisfies some
Wy, .. ki, ..., k,,) for arbitrarily given nonincreasing sequences /;, ..., /, and

q
ky, ..., k,, of positive integers such that > /= > k;=n.
i=1 j=1
In this paper, we study the connection of #(G) and the generalizations
P,(ky, ..., k,) of the defining property P,(1, 1, ..., 1, v(G)—n+1). L Lovasz and
the present author independently proved the followmg theorem which was con-
jectured by A. Frank [2] and a weaker version of which was conjectured by
S. B. Maurer [7]. The two proofs are very different, Lovész used topological methods,
the present author used only concepts of graph theory. Some special cases were
proved previously by A. Frank [3] and K. Milliken [10]. This theorem corresponds
to Dirac’s theorem.

Theorem 2.5. ([5], [6)) A graph G with v(G)z=n+1 is n-vertex-connected if and
only if G satisfies the partition condition P,(ky, ..., k,) for every nondecreasing sequence

)113

n
kv, ..., k, of positive integers such that 2 k,=v(G).
i=1

The purpose of this paper is to study partition conditions P,(ky, ks, ..., k)
in analogy with the investigations of W, by Mesner, Watkins and Green.
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3. Necessary and sufficient partition conditions for n-vertex-connectivity

According to Theorem 2.5, any partition condition P,(ky, ..., k,),
(Z k,-:v(G)] , 15 necessary for G to be n-vertex-connected. In the following theo-
i=1

rems, we find some particular partition conditions P,(k,, ks, ..., k,) which are suffi-
cient for G to be n-vertex-connected. First we derive a useful lower bound for |V U C|
when G satisfies P, (k,, ..., k,).

Lemma 3.1. Let G be a graph satisfying P,(k, ..., k,) and let U(G)— vk =n+1.

Let C€C(G). Then every partition {VE, VE} of G with respect to C satlsﬁes the
inequality
VEUC| = WEUC| = n+1.

Proof. Suppose that |FfUC|=n. Choose v, v, ...,v, such that VfUCZS
S {vr, Vay -5 U}y 1,6 VE. We have k, =2 because of v(G)=n+1, but every neighbour
of v, is an element of {v;, ..., v,_,} and so G does not satisfy P,(v;, ..., 0,5 ky, ..., k),
contradiction. [|

Theorem 3.2. Let G be a graph such that v(G) >n+l and let k,, k,, ..., k, be a non-

decreasing sequence of positive integers such that Z’ ki=0v(G), ay+oyz=n—1. Then
i=1

G is n-vertex-connected if and only if it satisfies the partition condition P,(ky, ks, ....K,).

Proof. If G is n-vertex-connected then it satisfies P,(k,, ..., k,) by Theorem 2.5.
Let G satisfy P,(ky, ..., k,). If G is a complete graph then x(G)=n because of v(G) =
=n-1. So we may assume that G is not a complete graph, C(G)#=@. Let CcC(G)
and let {Vf, ¥} be a partition of G with respect to C. [VEUC|=|VfUC|=n+1
by Lemma 3.1. Suppose that |{C|=x(G)=r=n—1. We distinguish two cases.

Case 1. |V§ ]>Zk—r

Then choose vy, v,, ..., v, so that

C={v1,02, 0}y {Urits Vypsas-or U} CVE.
Then there exists a partition {Vy, Va, ..., V,} of ¥(G) such that vV, |Vi|=k,
G(V)) is connected by P,(vy, 2y .. Uy; ky, ko,..., k). But then L"J V; has to be a

i=r+1
subset of V{ obviously, and so

Vsl = _Z] V;—Cl = _%'(ki—l)
a contradiction.

Case 2. |VE|= 3 k;—r.
i=1

r
Let s=|V¥f|. Thens=|V§{|= 3 k;—r=r<n. Hence o, =r—s<n—s. Choose vy, v,, ...,
i=1
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0, 80 that ¥VE={v,_s115 ..., Up}s {015 ..., 0, s} EC. (We can do it since |V UC]|
=>n.) Now there exists a partition {¥;, ..., V,} of V(G) such that v,€V;, |Vil=k;,
G (V) is connected by P,(vq, ..., U,; ke, ..., k), (i=1,2, ..., n). Fori=n—s+1, .., n,
we have k;=2 and so V; has to contain an element of C. So |C|=r=r, a contra-
diction. |

An interesting special case of the theorem is

Corollary 3.3. Let G be a graph such that v(G)=2n. G is n-vertex-connected if and
only if, for arbitrary vertices vy, ...,0,EV(G) there exists a perfect matching
{er, ..., e,} S E(G) such that e; is incident to v; (i=1, ...,n). [

The following simple theorem states that if »(G)<n for a graph satisfying
Pk, ..., k,) then the minimum cutsets do not cut the graph into very small pieces.

Theorem 3.4. Let G be a graph such that v(G)=n+1 and let ky, k, ..., k, be a non-
decreasing sequence of positive integers such that Zk =v(@), k,>p(G). Then
P,(ky, ..., k,) is a necessary and sufficient condition for G to be n-vertex-connected.

Proof. If G is n-vertex-connected then it satisfies the partition condition P, (%, ..., k,,)
by Theorem 2.5.

Let G satisfy the inequality p(G) <k, and the partition condition P,(ky, ..., k,)-
Let C€ C(G) be a minimum cutset and let {Vf, V§} be a partition of G w1th respect
to C such that |VE|=p(G). Suppose that |C|=3x(G)<n. Then choose vy, v, ..., Uy
so that CES {vy, vg, ..., Us_y}, v,E€VE. Then there is a partition {V;, Vs, ..., V,} of
V(G) such that u;¢ Vi, |Vil=k; and G(V;) is connected for i=1,2,...,n by
P (vy, 05, .., 0,; k1, kyy .. k). V,NC= @ and G(V;) is connected, so V,,g Vf. But
|V, =k,>p(G)=]|V{|, contradiction. ||

Next we prove a simple lemma.

Lemma 3.5. If' G is a graph satisfying P,(ky, ..., k,) and v(G)=n -+ then G is (at least)
(ot + 1)-vertex-connected.

Proof. If G is a complete graph then »(G)=n=>«, because of v(G)=n+1. So we
may assume that G is not a complete graph, C(G)# &. Let C€C(G) and let {V{, VE}
be a partition of G with respect to C. We have |[VfUC|z=n+1 by Lemma 3.1. If
|Cl=r=a, then choose vy, ...,v, so that C={v,...,v,} and {r,,,, ..., v} VE.
Then by P,(vs, ..., 0,5 k1, ..., k,,), there exists a partition {Vy, ..., V,} of V(G) such
that v,€ ¥, |V,~|=k,- and G(¥,) is connected for i=1, ..., n. But then |J V;S VfUC
i=1
by the connectivity of G(V;) (i=1, ..., n). Then V=, a contradiction. J}

Using this lemma and Theorem 3.4, we give a further necessary and suffi-
cient partition condition for a graph G to be n-vertex-connected. This condition does
not depend on p(G).

Theorem 3.6. Let G be a graph such that v(G)=n+1and let ky, ..., k, be a nondecreas-

n
ing sequence of positive integers such that > k;=v(G), oy =n—2. Then a necessary
i=1
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and sufficient condition for G to be n-vertex-connected is that G satisfies P,(ky, ..., k,)=
=P,(1,1,..,1,k,_q1, k).

Proof. If G is n-vertex-connected then it satisfies P,(k, ..., k,) by Theorem 2.5.

Let G satisly P,(1,1, ..., 1, k,_1, k,). If G is a complete graph then % (G)=n
because of v(G)=n+1. So we may assume that G is not a complete graph, C(G)= &.
Let CcC(G) and let {VE, VE} be a partition of G with respect to C. If k,>|V|=
=p(G) then G is n-vertex-connected by Theorem 3.4. So we may assume that k,=
=|VE|. Then k,_ =k, =|V{]=|VE| and so

(G —(n—2) = ky+hyy = VEI+IVE] = 0(G)—[C].

Then |C|=n—2, but this is impossible by Lemma 3.5. J

The following theorem treats the case when %, is not small compared to v(G).
If &k, ko, ..., k,_4 are fixed and v(G) is large enough then n-vertex-connectivity is

n—1
implied by P, (kl, ces Kyo1, 0(G) = 2 ki).
i=1

Theorem 3.7. Let G be a graph such that v(G)=n+1 and let ki, ky, ..., k,—, be a
nondecreasing sequence of positive integers. If 2k,=>v(G)—n+1 then a necessary and
sufficient condition for G to be n-vertex-connected is that G satisfies P,(k(, ..., k,),

n—1 n—1 n—1

where k,=v(G)— 3 k. (v(G)— 3 ki=k,_1 if v(G)=2 3 k;—n+1, so ky, ...k,
=1 = =1

is non-decreasing.)

Proof. If G is #n-vertex-connected then it satisfies the partition condition
n—1

P,,(kl, U S v(G)—._Z1 k,-] by Theorem 2.5. Let G satisfy the inequality 2k,

=>u(G)—n+1 and the partition condition P,(ky, .... k,_1, k,). If G is a complete
graph then it is n-vertex-connected by v(G)=n+1. So we may assume that G is
not complete, C(G)> @. Let CEC(G) and suppose that [C|=r<n. Let {¥V¥, V§}
be a partition of G with respect to C. Then [VEUC|>n by Lemma 3.1. Choose
12 Usy ooy Uy 8O that {0y, ..., 0,}=C, {U,41s -.or L} VE.

Then there is a partition {¥;, ..., ¥,} of ¥(G) such that v;¢V;, [V} =k; and
G (V) is connected (i=1,2,...,u) by P, (01, ..., 0,; Ky, ..., k). ViNC=@ if i=zr41
and so

U ¥ Sy, Zlkié Vi, Zt=Dhzil=rlz 2 k.
i=r+1 i=r+ i=1 i=r+1

So

v(Gy= 2 k=2 3 k—r=2 ki—(n—1),

i=

-
It
-
I
-

a contradiction. J
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4. Lower bounds of x(G)

Theorems 3.2. to 3.7. state necessary and sufficient conditions for a graph
G to be n-vertex-connected. In this section, we extend these sufficiency arguments
to provide lower bounds for vertex-connectivity. Sharpness of the lower bounds
will be shown by examples.

Theorem 4.1. Let G be an arbitrary incomplete graph such that v(G)=zn+1 and let
ki, kyy ..., k, be a nondecreasing sequence of positive integers such that ﬁ' ki=
=u(G). Let '=1

D := min {d > 0 max { Si kﬂ—n—i—d] >p(G)}.

max (e, —d,1)=i=n—d J=i+1
If G satisfies the partition condition P,(k,, ..., k,), then
#(G)= 1+n—Dy.

Remark. For any value of p, the following graphs G, satisfy P,(kq, ..., k,) and
#(Go)=14+n—Dg, (Fig. 1):

V(Gy) = AUBUC, 4NB=BNC=4NC= @,
ICl = 1+n—=Gg,, p=p(Gy) = 4| =|B|=0(G)—p(Gy)—ICl,
E(Gy) = {(x,y: x, yeV(Gy), x # y and (x, y) is not an AB-path}.

A
/
\ . .
co;ﬁg:’g B ‘?‘:I:\:’ c co mplgertaep'l:slpnrtnte
‘/qwuq‘ -
4“’&&
NN B
Fig. 1

(The proof of this is tedious but routine, so we omit it.)

Proof. Let G satisfy the partition condition P,(ky, ..., k,). Suppose that x(G)
=n~—Dg thatis |C|=r=n—D for C€C(G). (G is incomplete, so C(G)> &.) Choose
a minimum cutset C€¢C(G) and a partition {V¢, V§} of G with respect to C such
that |V{|=p(G). We have |[VEUC|>n by Lemma 3.1. '
By the definition of Dg;, there exists at least one index ¢ satisfying
i+D
max (& —Dg, 1)=i=n—Dg such that > k;+n—i—Dg>p(G). Let i, be the
J=i+1
greatest of these indices. We distinguish four cases.

Case [. o;=>1,.
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—Dg=i, and so iy+Dg=0a,. If moreover i;+Dg-<n then not only
fptDg
2 k +n i _DG>p(G)3
J=ig+1
but

ig+1+Dg
s kj+’1_(io+1)_DG = p(G),

as well, since then the sum of k;’s increases at least by one (k;, ., =1, but k; 1, 4 p_ —2),
and the subtracted i, mcreased only by one. So if ¢, =1, then 10+DG—n by the maxi-
mality of i;. Now, choose vy, vs, ..., v, 0 that {v;, vs, ..., ),}=C, {v, 41, ..., v} VE.
Then there is a partition {Vy, ..., ¥,} satisfying P,(vy, ..., U,; ki, ..., k) such that
v€V,, |Vil=k; and G(V)) is connected for i=1, ..., n. But then ¥;NC= ¢ and so
VS V§ necessarily for i=r+1, that is

Vil= 2 k;.
Jj=r+1

But then

v(G) = VEI+ICI+VEl = Vsl+r+ 2 k=

j=r+1
= VEl+r+(n—Dg—nr)+ 2> k= Vil+r+
j=n—-Dg+1

+(n—Ds—r)+p(G) = v(G)+(n—Dg—r) = v(G),

contradiction.

Case 2. o, =iy and n—iy>|VE|=p(G).

Now, choose vy, g, ..., U, 80 that {v;, vy, ..., Us— y)} < C (we can do it by [VEUC|>
=>n), and {Un-pgy+1s > Unf=V5. But n—p(G)+1=n—(n—ip)+1>i;=0y and so
k;=2 for 1>n—p(G)+1 Then for the partition {Vy, V,, ..., ¥;} of V(G) satistying
P (vy, Ugy ..oy U,; Ky, ko ..oy k), we have V;NC=G i z>n—p(G)+l and so |C|=
=n— D¢, contradiction.

Case 3. oy =iy, |VEf|=p(G)=n—i, and r<i,.

Now, choose vy, v, ..., v, so that {v, ..., 0,}=C, {t,41, ..., 0,}EVE. (We can do
it by |VfUC|=n.) But then for the partition {¥;, ..., V,} of V(G) satisfying
Pv,..,v ey s k), ViNC=0, V;SVE if iz=r+1 that is

n

> k;=VEL
j=r-1
But then
. l+D
v(G) = IVC|+[C|+|VC|> 2 kK, +|Cl+|VE] = (n—r—Dg)+ 2 k;+
J=ig+1
iyt Dg
+1c1+1VC|—(zo—r)+[(n—zo Do+ "2 k| +iCIHYs =
Jj=ip+1

_ > p(G)+ICI+IVE] = 0(G),
contradiction.
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Case 4. oy =iy, |VE|=p(G)=n—i, and iy=r.

Now, choose vy, s, ..., D, 0 that {vy, vy, ..., 0, }EC, {viy115 -.., v} EVT. Then there
exists a partition {Vy, Vs, ..., V,} of V(G) such that v£V;, |Vi|=k; and G(V)) is
connected (i=1,...,n) by P,(vy,0s, ..., 0,3 ki, ks, ..., k,). But then at most r—i,
sets from among V., ..., ¥, can contain an element of C. So at least n—r of
the sets ¥; .4, ..., ¥, have to be placed disjointly in V{— {vy, ..., v,}, that is the fol-
lowing inequality holds

igtn—r

pG) =Vl = "3 kj+n—(ig+n—r).
J=igs1
But o; =i, and so °
ig+n—r ig+Dg
p(G = 3 ki+n—(y+n—r= 2 ki+2(n—r—Dg)+
J=ig+1 Jj=ig+1
ig+Dg
+n—(ip+n—-r) = 2 k;+2n—r—2Dg—i,.
j=ig+1
But then T
ip+Dg
v(G) = |[VE|+|Cl+IVE] = ‘ > kj+2n—r—=2Dg—i,+|Cl{+|V5]

J=ig+1
iy+Dg
= (},:%1k,-+n—io—DG]+n—r—DG+|Cl+1V§1 > p(G)+ICI+IVE] = v(G),
contradiction. And so we obtained contradiction in every case, that is
|Cl=r=n—Dg, x(G)=14+n—DL;.
This completes the proof of Theorem 4.1. |

We can give also such an estimation for »(G) that the bound does not depend
on the structure of the graph G.

Theorem 4.2. Let G be an arbitrary incomplete graph such that v(G)=n-+1 and let

n
ki, ..., k, be a nondecreasing sequence of positive integers such that 2 k;=v(G). Let
i=1

i4-d
b= min {d =0 max(algil,%)xéién—d {j=i2+1 ki+ n_l-d] - (U(G)_n + (Z)/Z}.

If G satisfies the partition condition P,(ky, ..., k,) then
#(G) = 14+n—D.
Remark. The following graph G, satisfies P,(k;, ..., k,) and x(Gy)=1+n—D:
V(Gy) = AUBUC, ANB=BNC=ANC= @
2(G)—1—n+D 2(G)—1—n+D
— |, Bl=|V———|:
E(Gy) = {(x, y): x,y€V(G,), x # y and (x, y) is not an AB-path}.

Cl=14n-D, 141=|

(See Fig. 1.) The proof is easy but tedious again.



272 E. GYORI

Proof of Theorem 4.2. Although Theorem 4.2 is not an immediate consequence of
Theorem 4.1, almost the same proof applies. We leave the details to the reader. [}

Corollary 4.3, Let G be an arbitrary graph such that v(G)z=n+1. Further let k¢, ..., k,
be a nondecreasing sequence of positive integers such that 2 k;=r(G). If G satisfies
=1

the partition condition P, (kq, ks, ..., k,) then

n
x(G) = [?J +1.
Proof. For every positive nondecreasing sequence ky, ks, ..., k,

d ]’->v(G)—n+(n—[n/2j)
izl 2 ’

and so D=n—[r/2] in Theorem 4.2, hence %(G)=[n/2]+1. |

Consider that the partition condition P,(1, 1, ..., 1, v(G)—n+1) is the de-
finition of n-vertex-connectedness, that if a; +as=n—1 or a;=n—2 then

n—1
Pn [kla k2a ceny kn—l’ U(G)— 2 ki]
i=1

guarantees n-vertex-connectedness of G and consider the ideas of the different argu-
ments. We have the feeling that if k,=ky, ..., k,_1=k,_, and 2k1~2k* then

P,(ky, ..., k,) garantees a better lower bound for x(G) than P,,(k . k*) And
really, this happens to the bounds in Theorem 4.2 or Theorem 4.1. Let

fm(klw ey kn—l) =
n—1
= min {x(G): v(G) = m, G satisfies P,(k, ..., k,) for k, = m—Z k,-}

for any nondecreasing sequence of positive integers &, ..., k,_; such that m— Z ky

=k,_,. Then the function f,, is monotonic nonincreasing. It would be nice to know
if not only £, but the truth value of P, is a monotonic function of k,, ..., k,_; in
the following sense:

Conjecture. Let G be an arbitrary graph such that v(G)=n-+1. Further let &y, ..., &k,
and k3, ...k} be nondecreasino sequences of positive integers such that iy

=k¥, .., k,_1=k}_, and Z‘ k= Zk*—v(G) If G satisfies the partition condition

P,(ky, ..., k,) then G satlsﬁes the partltlon condition P,(k}, ..., k) as well.
This conjecture generalizes Theorem 2.5,

Acknowledgement. My sincere thanks are due to Professor L. Lovisz for his
helpful comments.
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